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Abstract 

We extend the regularity of the free boundary of the obstacle problem 
to a class of heterogeneous quasilinear degenerate elliptic operators which 
includes the p(a;)-Laplacian, in particular. Under the assumption of Lips- 
chitz continuity of the order of the power growth p(x), we use the growth 
rate of the solution near the free boundary to obtain its porosity, which 
implies it is of Lebesgue measure zero. Establishing the growth rate of the 
gradient of the solution, we show the finiteness of the (n — l)-dimensional 
Hausdorff measure of the free boundary, which yields, in particular, that 
up to a negligible singular set the free boundary is the union of at most a 
countable family of C 1 hypersurfaces. 

1 Introduction 

In [T] Caffarelli remarks that the quadratic growth of the solution of the free 
boundary of the obstacle problem for the Laplacian implies an estimate of the 
(n — l)-dimensional Hausdorff measure of the free boundary and a stability 
property. This result has a simple generalization to second order linear elliptic 
operators with Lipschitz continuous coefficients, as observed by one of the au- 
thors in [TJ], page 221, which allows the extension of those properties to C 1,1 
solutions of the obstacle problem for certain quasilinear operators of minimal 
surfaces type (see Theorem 7:5.1 of [TJ], page 221). 

Hausdorff measure estimates were obtained for homogeneous nonlinear op- 
erators of the p-obstacle problem (2 < p < oo) by Lee and Shahgholian [11], and 
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for general potential operators by Monneau [H] , in a special case corresponding 
to an obstacle problem arising in superconductor modelling with convex energy, 
and by three of the authors in [4] to the so called A-obstacle in Orlicz-Sobolev 
spaces, that includes a large class of degenerate and singular elliptic operators. 
As it is well-known from geometric measure theory, the importance of the esti- 
mate on the (n — l)-dimensional Hausdorff measure of the free boundary, by a 
result of Federer, implies that the non-coincidence set {u > 0} is then a set of 
locally finite perimeter. As an important consequence, by a well-known result of 
De Giorgi (see [5], page 54), the free boundary d{u > 0} may be written, up to 
a possible singular set of | Vx{«>o} ||-measure zero, as a countable union of C 1 
hypersurfaces. The main result of our work is the extension of these properties 
to a more general class of heterogeneous quasilinear degenerate elliptic opera- 
tors which includes the p(x)-Laplacian. 

On the other hand, it was shown by Karp, Kilpelalnen, Petrosyan and Shahgho- 
lian [TO], for the p-obstacle problem (1 < p < oo), that the free boundary is 
porous with a certain constant 6 > 0, that is, there exists > such that 
for each x G d{u > 0} and < r < tq, there exists a point y such that 
Bsr(y) C B r {x) \ d{u > 0}. Since a porous set in R" has Hausdorff dimen- 
sion strictly smaller that n (see [T3] or [H]), ^ follows that the free boundary 
has Lebesgue measure zero, which allows us to write the solution of the obsta- 
cle problem as an a.e. solution of a quasilinear elliptic equation in the whole 
domain involving the characteristic function X{«>o} °f the non-coincidence set 
(see Theorem 3.1 below, that extends earlier results [2] and [3], respectively, 
for the A-obstacle and p(x)-obstacle problems). This property is important to 
show, under general non-degenerate assumptions on the data, a stability of the 
non-coincidence set in Lebesgue measure, as observed, for instance, in [4], |15j 
and [TB]. 

Let f2 be a bounded open connected subset of E™, n ^ 2, / G L°°(fl) and 
g G W 1 ' p ^(fl) Pi L°°(f2), <7 ^ 0. We consider the quasilinear obstacle problem 
(A(x)-obstacle problem) with a zero obstacle: 

Au := div(a(x, Vw)) = f(x) in {u > 0}, 
u in J7, 
u = g on dQ, 

where we denote by {u > 0} := {x G £1 : u(x) > 0} the non-coincidence set. 
The weak formulation of this problem is given by the following variational in- 
equality 

Find u G K g such that : 

J (a(x, Vtt) ■ V(w - u) + f(x)(v - ufjdx ^ Vv G K g , 

where K g = {v € W^iQ) : v - g G W 1,p(0 (O), v > a.e. in ft}, p is 
a measurable real valued function defined in f2 and satisfying for some positive 
numbers p_ and p+ 
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1 < p_ ^ p(x) ^ p + < oo a.e. x 6 il. 



(1.1) 



The space Wq' p( -'\cI) is denned as the closure of Cfi°(n) in W 1 '^^), where 
W 1,p (')(f2) is the variable exponent Sobolev space 

and L p (')(fi) = ju : O R measurable : p(u) = J \u(x)\ p( -'^ dx < oo | 
is equipped with the Luxembourg norm 

Utilise.) -inf{A>0 : p(u/X) < 1 }. 

is equipped with the norm 

= IM| LP( .) + ||Vu|| LP( .), 

where 



|Vw|| LP( .) =J2 

i=l 



du 



dxi 



Z,K0 



By B r (x) we shall denote the open ball in R™ with center x and radius r. The 
conjugate of p(x), defined by p ^)-i » wm ^ e denoted by q(x). If the center of a 
ball is not mentioned, then it is the origin. 

We first give some classical properties of the solution below. In section 2, we 
establish the growth rate of a class of functions. In section 3, we obtain the 
exact growth rate of the solution of the problem (P) near the free boundary, 
from which we deduce its porosity. In section 4, we give the growth rate of the 
gradient of the solution. In section 5, we prove the finiteness of the (n — 1)- 
Hausdorff measure of the free boundary for the particular homogeneous case of 
p-Laplacian type operators. Finally, in section 6, we establish the finiteness of 
(n — l)-Hausdorff measure of the free boundary. These results extend those for 
the Laplacian Q], for the p-Laplacian [10], QT] (p > 2), for the p(cc)-Laplacian 
[3] (porosity of the free boundary) and for the A-Laplacian [2J, [I]. 

We assume that the function a : f2 x R™ — > R n is such that a(x, 0) = for 
a.e. and satisfies the structural assumptions for some positive constants 

c , ci, c 2 , namely [6] 



da. 



co\V\ 



E 



Beg 
drjj 



(x,Tj) 



< Cl\f] 



!>(x)-2|£|2 



p(x)-2 



(1.2) 

(1.3) 
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for a.e. x G Q, a.e. 77 = (771, 772, . . . , r] n ) G M n \{0} and for all £ = (£1,62, • • • ,£n) G 
R", and 

|a(x 1 ,77)-a(x 2 ,7 ? )Kc 2 |x 1 -a ;2 |(|7 7 |^- 1 + |77| p ^- 1 )|ln|r7|| (1.4) 
for all n,j!2 6fi,?/6 K n \ {0}. 

Remark 1.1. Assumptions (11.21) . (jl.3l) imply J^, for some positive con- 
stants C3, C4 

^,0-^c 3 |er W and |a(x,OI <c 4 |e| p(x) - 1 . 

First, we recall the following existence and uniqueness result [TJ, |16| . 

Proposition 1.1. Assume i/iai / G and g G W 1 ' p W(n)n.L 00 (fi). 77ien 

/j/iere exists a unique solution u to the problem (P). 

For the proof of the following proposition, we refer to [3], Proposition 1.2. 

Proposition 1.2. If u is the solution of (P) then 

i) f in f2 => ^ zt ^ IMIl 00 f2. 
m) Am = / in V{{u > 0}). 

/X{m>o} ^5 Au / a.e. in fl. 

Remark 1.2. Equation ii) and inequalities Hi) of Proposition^^ were estab- 
lished in 176] /. in the framework of entropy solutions, under the condition: 
essM^qi{x) - (p(x) - 1)) > 0, where qi {x) = ^ffiff andq (x) = ^^j 2 ^- 1 

Remark 1.3. If f ^ in fl and f G Lf£ c (Q,), we know from Provosition 11.21 
i/iai it zs bounded and Au is locally bounded in Q. Moreover, if p{x) is Lipschitz 
continuous, and a(x, £) satisfies (|1.2[) - (|1.4I) , then we have JEjj, u G C]^{VL), for 
some a G (0, 1). 

2 A class of functions on the unit ball 

In all what follows, we assume that p is Lipschitz continuous, that is, there exists 
a positive constant L such that 

\p(x) -p(y)\ < L\x-y\ Vx t y€Sl. (2.1) 

In this section, we study a family J- a of solutions of problems defined on the 
unit ball B\ . More precisely, u G J- a if it satisfies : 

ueW^iBx), u(0)=0, 
0<u<l in B x , ||i4«||ioo (fll) < 1. 



4 



Condition u(0) = makes sense, since from [B] we know that u G C££(Bi), 
for some a G (0,1). In particular, there exist two positive constants a = 
a(n, Co, ci, C2,p~,p+, L) and C = C(n,Co,Ci,C2,P-,p+, L) such that 



The following theorem gives a growth rate of the elements in the class J- a 



(2.2) 



Theorem 2.1. There exists a positive constant Cq = Co(n,CQ,Ci,C2,p-,p+,L) 
such that, for every u G Fa, we have 



u{x) < C \x\^ 



Vz G Si, 



Po 



where qo = is the conjugate of po =p(0). 

Po - 1 

Let us first introduce some notations. For a nonnegative bounded function 
u, we define the quantity S(r, u) — sup u{x). We also define, for each u G J- a, 



xeB,. 



the set 



M(u) = {j G N : 2 qo S(2- j - x ,u) > 0(2 -J ',u)}. 
Then we have 

Lemma 2.1. IfML(u) ^ 0, i/ien i/iere exists a constant cq depending only on n, 
Co? c i, c 2, P+ L such that 

S(2- j - 1 ,u) «C S (2^)' ?o , Vw G .Fa, Vj G M(«). 

Proof. Arguing by contradiction, we assume that Vfc G N there exists Uk G Fa 
and jk G M(ufc) such that 



S(2-A- 1 ,u fc ) >A;(2-A)« 



(2.3) 



Consider the function 



Vk(x) 



S(2-^-\u k ) 

defined in B\. By definition of Vk and M(u/c), we have 

S(2-^,u k ) 



^v k ^ 



5(2-J*-i,« fc ) 



< 2 90 in Bi, 



sup Vfc(x) = 1, Wfc(0) = 0. 



Now, let p k (x) = p(2 Jk x), s k 



2~Jk 



5(2 



life) 



and define for (x, £) G B\ x 



(2.4) 
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We claim that 

\AkVk(x)\ :— |div(a fc (x, Vw fe (a;)))| -> as k -> oo. (2.5) 
Then one can easily verify that 

4 fcWfc (x) = ^- 1 (^u fc )(2~' , *!c) 

+ 2~ Jfc (m(s fe ))sf (:r)_1 a(2-^a;, Vu fc (2^ fc a;)) Vp(2^' fc a;). 

Using the structural assumptions (second inequality in Remark 1 and the fact 
that Uk G .Fa, and \^p\h°^(n) ^ £ (by (I2.ip ). this leads to 

\A k v k (x)\ < 2-^a2*( a >- 1 + c 4 L2--'*|ln(a fc )|a£* (!B) ~ 1 |Vufc(2-^a:)|''*C*)-i. 

Since ^ in Si, Ufe(O) = 0, and Uk G C 1 (S 3 / 4 ), we have Vufc(0) = 0. 
Combining this result and (|2.2j) . we get 

VfceN, VrreSi |Vu fe (2^x)| < C(2^' fc ) a . 

It follows that 



|,WaO| < 2-^sf (x) - X (l + c 4 L(C)^(^- 1 | ln( Sfe )|(2-^) Q ^^- 1 )). (2.6) 

Note that S(2~ : > k ~ 1 ,Uk) — Uk(zt), for some 6 B 2 -i k -i. Since Ufe(0) = and 
ufe G C 1 (S 3 / 4 ), we deduce that 

S(2-»- 1 ,« i )<C|^| <C2-J'"- 1 . 
Consequently, we obtain 



5(2-J'»- 1 ,« fc ) C2-J'*- 1 C 



We recall from j3] (see also the proof of (|4.11[) and (|4.13jl ) that there exist 
positive constants £i = ci(a, Po,/J,) and ci = 62(0;, L,po, fj,) such that 



ln(s fc )l(2^' c ) Q(p ' c(:EKl) «S 



and < 



C2 



Vfc e N, 



fc«(Po-l) 2 

which together with (|2.6p gives (|2.5I) . 

Lemma 2.2. VFit/i ifte notation above, a k (x,£) defined in (12. 4[) satisfies all 
structural conditions (with the same constants as a(x,£)). Moreover, we have 
uniformly in (x,£) G B\ x Bm, for any M > 



go? 



sS Lh — > as fc — > 00. 



(2.7) 



G 



Proof. It is easy to see that 



E 

i,j=i u 



E 



1 9a 



CoS r (a:) - 2 



IL 

Sk 

co\fi\»M-*\S\ 



Pk(x)-2 



lei 5 



E 



da k 



,W-i 1 



„ Pk0«0-2 



= ciM^" 2 . 

Now, to prove (|2.7p . we use the second inequality in Remark ll. II and (|1.4p 







— ( 


dxj 




dxj \ 



< l V ( 



j> k {x)-l\ 



+ 2-^s p k k{x) - 1 



1^(2-^,-^)1 



2c 2 2- J '^ fe(a) - 1 



Sk 



Pk(x)-1 



1 




-1 


m|!| 








Sk 



c 4 L2~ jk | ln(s fc )| + 2c 2 2-' Jk I In 



Sk 



On the other hand, 



2 -J fc | < cp(*)-i| m 



Sfe 



= 2^|£r (x) - 1 |ln(|£|)-ln( Sfc )l 

SC 2^ fc |e| Pfc(2:) " 1 |ln(|e|)| 
+ 2-^|ln( Sfc )||Cr ( " ) - 1 



The first term uniformly goes to zero (for (x, f ) € B\X Bm, for any M > 0) when 
fc — > oo. Since 2~ 3fc | In(sfc)| — > as fc — >• so does the second term. □ 

Therefore, the pointwise limit of a fe (x,£) does not depend on x: 

a k (x,Z)^a(0, 
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where a is a vector field satisfying the same structural assumptions (|f .2[) , (| 1 . 3[) . 
with p{x) replaced by po — p(0). 

Conclusion of proof of Lemma 12. f 1 Now, by taking into account the uniform 
bound of Vk, (I2.5p . and the fact that pk satisfies (jf and (|2.f p with the same 
constants, we deduce [B] that there exist two positive constants 5 and C, inde- 
pendent of k, such that G C 1:5 (S 3 /4) and ||i>k[[cM(B 3 4 ) ^ ^> f° r an ^ ^ ^0- 
It follows then from the Ascoli-Arzella's theorem that there exists a subse- 
quence, still denoted by Vk, and a function v G C 1 ' 15 (-B3/4) such that Vk — > v 
in C 1:<5 (-B3/4), for any 6' G (0,5). Moreover, it is clear that t> satisfies (in the 
weak sense) 

div(<x(Vu)) =0 in B3/4, v ^ in -B3/4, 
sup v(x) = 1, u(0) = 0. 

By the strong maximum principle (see [5], for instance) we have necessarily 
u = in -B3/4, which is in contradiction with sup v(x) = 1. 

□ 

Proof of Theorem 2.1. The theorem is proved by induction. Using Lemma 12.21 
the proof follows step by step as the one of Theorem 2.1 of [3] (see also the proof 
of Theorem |4J] below) . □ 

3 Porosity of the free boundary 

In all what follows, we assume that there exist positive constants A, A such that 
0<A^/^A<oo, a.e. in Cl. (3.1) 

The following lemma and Theorem 2.1 give the exact growth rate of the solution 
of the problem (P) near the free boundary. This extends a result established 
in p] for the Laplacian, and generalized in [10] for the p-Laplacian (see also [2] 
and [3] for the A-Laplacian and p(x)-Laplacian respectively). 

Lemma 3.1. Suppose that u G W 1,p ^'\fl) is a nonnegative continuous function 
satisfying 

Au = f in V'({u>0}). 

Then there exists r* > such that for each y G {u > 0} and r G (0, r*) satisfying 
B r (jj) G SI, we have for an appropriate constant C{y) > 

p(y) 

sup u 5* C(?/)rp<»)- 1 +u(y). 

dB r (y) 
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Proof. It is enough to prove the result for y G {u > 0}. For each y we consider 
the function defined by 



v(x) := v{x,y) := C(y)\x - y\^J=i , 



where C(y) is to be chosen later. 

We claim that there exists r* > such that 

Vr e (0, r»), Vy G ft, Va; G S r (y) C ft Av < A. (3.2) 

To prove (|3.2p . we compute VjU and divergence of a(x, \J x v): 

div(a(x,Vv)) = div(a(ac, C(y)q(y)\x - y\ q{y) ~ 2 (x - y)) 

Eden, N , den dw, 

71 Pi 71 / 

+ ( g ( y )-2) (a< -, y<)( %- y3) )fr. 

where w(x) := C(y)q(y)\x — y\ q ^~ 2 {x — y). 

Therefore, using the structural assumptions (II .3[) . (|1.4[) . we get 

|div(o(x,V«))| < 2c 2 |w| p(;r) " 1 |ln|w|| 

+ ci max(l, ? (y) - l)(C( 2 /)g(y)) p(a) " 1 |o; - y^iiv)- 1 )^)-^^)-^ 
=: Si + S 2 . 

To estimate Si, we write 

Si = 2c 2 \w\ p ^- 1 \\n(\w\)\ 

= 2c 2 (C(y)q(y)) p{x) - 1 \x - y\ W*)-W*<v)-Q | m (C(y)q(y)) + (q(y) ~ 1) In \x - V | 
< 2c 2 { q {y)f x) -\c{y)Y {x] -\-y\^^ 

+2c 2 (q(y) - l^CiyMy))^- 1 ^ - y |Cp(-)-i)(8(if)-D| i n{ \ x _ y |)| 

Since rlnr — > 0, when r — > 0, then 5*1 can be made as small as we wish, if x is 
close to y, and C(y) is small enough. To estimate S 2} we first observe that 

\ x _ y |(9(»)-l)(p(x)-2)+g(i,)-2 = ^ _ yl ^f^y 

and for |x — j/| < r < -, we have 

\ x _ y\ p( P t7-i v) = e Pl pM-^ M\*-y\) ^ e p±=r\*-v\\H\*-v\)\ ^ gj^rlMr)^ 
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and since 

S 2 = c 1 max(l,q(y)-l)(C(y)q(y)) p(x ^ 1 \x-y\ ! ^^ 1 

< ci max(l, g(y) - l){C(y)q(y)) p{x) - 1 e^ rlHr)l , 

S*2 also can be made small, if r and C(y) are small enough- 
It is clear now that (|3.2j) holds. 

Now let e > and consider the following function u e (x) = u(x) — (1 — e)u(y). 
We have from (15111- (1531) 

Au e = Au = f > A > Aw in S r (y) n {u > 0}. 

Moreover, 

u e = -(1 - e)«(y) < < v on (d{u > 0}) D B r (y). 
If we also have 

u^v on (dB r (y)) C\ {u > 0}, 
then we get by the weak maximum principle 

u e ^ v in B r (y) n {it > 0}. 

But it e (y) = ew(y) > = w(y), which constitutes a contradiction. 

So there exists z G (dB r (y)) n {u > 0} such that u e (z) > Since w is radial, 
we get 

sup (u — (1 — e)u(y)) = sup u e ^ sup w e ^ it e (z) 
as r ( y ) as r ( y ) as r (y)n{«>o} 

> v(z) — C(y)r p(y)- 1 . 

Letting e — > 0, we get 

p(v) 

sup u ^ sup it C(y)r pM- 1 

□ 

We shall denote by u the solution of the problem (P). The main result of 
this section is the porosity of the free boundary (d{u > 0}) D fl. 
We recall that a set C M" is called porous with porosity S, if there is an ro > 
such that 

Vx eE, Vr G (0, r ), 3y G M™ such that B 8r (y) C B r (x) \ E. 

A porous set of porosity 5 has Hausdorff dimension not exceeding n — c6 n , where 
c = c(n) > is a constant depending only on n. In particular, a porous set has 
Lebesgue measure zero (see [13] or [18] for instance). 
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Theorem 3.1. Let r* be as in Lemma 13.11 R G (0,7%) and xq £ Q such that 
B4r(xq) C CI. XTien (d{u > 0}) D Br(xq) is porous with porosity constant 
depending only on n,p-,p+, L, cq,c\,c-2, \, A, R, and ||<7||loo. As an immediate 
consequence, we have 

Au = fx{u>o} a.e. in Cl. 

We need a lemma. 



Lemma 3.2. Let R > and xq G Cl smc/i i/iai Bi^(xo) C f2. FFe consider, for 
Vo G B2r{x$) l~l {w = 0} and M > 0, £/ie junctions defined in B\ by 

a(z,£) = a(y + Rz,MZ), u(z) = ^±^- . (3.3) 

Then we have u G T ^, for all R i?o = j Af 5^ Afo = , where A is 

the operator corresponding to a. 



Proof. First, note that a and u are well defined, since we have Bn(yo) C 



i?3fl(a;o) C Cl. Moreover, we have u{0) = = 0, and for M ^ — ^ - — , we 

have ^ u ^ 1 in B\. 

Note that a(z,£) satisfies to all structural conditions (not necessarily with the 
same constants as for a) with p(z) := p(yo + Rz) instead of p. 
Next, one can easily verify that u satisfies 

Au :— div(a(z, Vu(z))) 

= div (a(y + Rz,\7u(y + Rz))) 
= R(Au)(y + Rz) ^ RA ^ 1 

if R ^ Rq = 4- , and we conclude that u G J 7 ^ for all M ^ Afo and R ^ Rq. □ 

Proof of Theorem \3.l[ Now, to prove the theorem, we argue as in [3]. Let r* 
be as in Lemma T3.ll and f?* = min(r*,i?o). Let then R G (0, f?*) be such that 
Bar( xo) G O, and let x G -E = d{u > 0} n B R (x ). For each < r < f?, we 
have B r (x) c B2r(xq) C f2. Let ?/ G dB r (x) such that w(y) = sup u. Then we 

have by Lemma 13. II 

u(y) > C r ^iS 1 ! + u(x) = C r ^fS^ . (3.4) 



Hence y G B 2 r(xo) H {u > 0}. We denote by d(y) = dist(y, B2r{xq) C\{u = 0}) 
the distance from y to the set B2r{xq) n{u = 0}. 

From Lemma \2. II and Lemma [321 there exists a constant Cq such that 

p(yp) 

«(!/)<Co(^))W^, (3.5) 
We deduce from (I3l1)-(l3~5l) that 



p{x) p(.yg) 

C' r^^ < u(y) C (rf(y))H^57=T, (3.6) 



11 



which, by using the Lipschitz continuity of p(x), leads to (see the proof of 
Theorem 3.1 in [3]) 

d(y) > Sr, 

where S > is some constant smaller than one and depends only on n,p_,p + , L, 
c ,ci,c 2 , A, A, R, and 

Let now y* G [x, y] such that \y — y*\ = dr/2. Then we have ([5]) 

B ir (y*)cB Sr (y)nB r (x). 

Moreover, we have 

B Sr (y) D B r (x) c{u>0}, 

since B Sr {y) C #<%)(?/) C {u > 0} and d(y) ^ 5r. 
Hence we have 

Bi r (y*) C B 5r (y) n B r (x) C B r (x) \ d{u > 0} c B r {x) \ E. 

□ 

Note that as a consequence of Theorem 12.11 and Lemma 13 . 21 we obtain the 
growth rate of the solution u of (P) near the free boundary. 

Proposition 3.1. Let R > be as in Lemma 3.2, R G (0,i?o) and Xq G £1 
such that u(xq) = and Bm(xo) C f2. Then there exists a positive constant Co 
depending only on n, p-,p + ,L, A, Co, C\, Ci, and ||g||L°° such that we have 

~ p(*o) 

u{x) < C Q \x - aJol"^'- 1 Vx G -Br(x ). 

Proof. Let i? and :ro be as in the proposition. Consider the functions a(y,£) 
and u(y) defined in Lemma 13.21 for M > 0. By Lemma 13.21 there exists Mo 
such that for all M ^ Mo we have u G ■ Applying Theorem 12.11 for M = Mo 
and R = R , we obtain for a positive constant Co > depending only on n, 

P-,P+, L, co, ci, c 2 

u(y)^C \y\^r Vye.Bi. 

Taking y = for x G Br(xo), we get 

CoM R 0] .pfepL CollfflU-, ~ poai) 



rt JXq 



□ 



4 Growth rate of the gradient of the solution 

The main result in this section is a growth rate near a free boundary of the 
gradient of the solution of the problem (P) , which generalizes results in [T] and 
pTj (see also [4] for the A-Laplace obstacle problem). This result will be used in 
section 6 to establish that the (n — 1)— Hausdorff measure of the free boundary 
is finite. 
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Theorem 4.1. Let i?o > be as in Lemma 3.2, R G (0,i?o) & n d xo € il such 
that u(xq) = and Bm(xo) C fi. Then there exists a positive constant C\ 
depending only on n, p_,p + ,L, A, cq, c\, C2, and ||g||L°° such that we have 

|Vu(a;)| < C-l\x- xqI^-o'-i VxeB R (x ). 



To prove Theorem l4.1[ wc shall need the following theorem which gives a growth 
rate of the gradient of the elements of the class J 7 a- 

Theorem 4.2. There exists a positive constant C\ — C\(n,p-,p+, L, co, ci, C2) 
suc/i £/ia£ /or every u G .Fa, we /iaue 

|Vu(i)| < Ci|a;|^=T \/x e Bl 

For it G J 7 a, we consider the set 

P(u) = {j e N/ 2^r5(2-^ 1 , |Vu|) ^ S(2^', |Vu|)}. 
To prove Theorem 14.21 we need the following lemma: 

Lemma 4.1. If¥(u) ^ 0, then there exists a constant C\ depending only on n, 
P-, p + , L, Co, C\, C2 such that 

S(2- j - 1 , |Vit|) sC ci(2~ J )^ VmgJa, VjeP(w). 

Proof. Arguing by contradiction, we assume that Vfc £ N there exists itfc G .Fa 
and jfe G P(wfc) such that 

S(2^ w , |Vit fc |) ^ fc(2^' fc )^. (4.1) 

Consider 

u fc (2-«a:) 



2-J*S(2-J*-i,|V«fc|) 
defined in We have by definition of Vk and P(it&), and Theorem 12. II 

< v k < 01 1 t < ^ in B x (4.2) 
fc2--J*(2-J'*)H=T ft 

sup |V«jk(a;)| =1, v fe (0) = (4.3) 

x<EB 1/2 

sup |Vu fc (2^' fc a;)| 

sup |V« fc («)| = n = ggl^fll < ^ 

xeBi A (2 MV«i|) 5(2 J* J -,|VUfc|) 
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Now let p k (x) = p(2 ^x), t k = s(2 - Jk -\^ Vukl) 



and 



a k (x,0=t p k " ix) - 1 a(2-^x,U)- 

t k 

There exists fco £ N and a positive constant C = C(n,p^,p + , Cq, Ci, C2, inde- 
pendent of such that 

|(A fc i; fe )(:r)| := |div(a fc (a;,V Wfc (a:)))| sC ^ 1 for all fc ^ fe . (4.5) 

Indeed, 



(A k v k )(x) = div(a k {x,Vv k (x))) 

= dw(t P k k{x) ' 1 a(2-^x,Vu k (2-^x))) 
= V(t p k k(x) - 1 )a(2-^x,Vu k (2-^x)) 

+ 2-in P k k[x) ~ 1 (div(a(-, Vufc(-)))) (2-^x) 

Using the fact that u k S .F4 and |Vp|l°° ^ £ (by (|2.1|l ) and structural assump- 
tions (second inequality in Remark [TTTj) . we get 

\{A k v k ){x)\ < 2-^t p k k(x) - 1 + C4 L2^|ln(t fe )|^ (x ^ 1 |V Mfe (2^ a ;)|P fc ( a; )- 1 . 
Moreover, we have 

1 

, 2P0- 1 



|Vu fc (2-^a;)| < S(2"'\ |Vu fc |) < 2^S(2~^-\ |V« fc |) 



tk 

It follows that 

\A k v k (x)\ ^2-^nl k{x) ^ + c i L2-^\\n{t k )\{2^) Pk(x) ~ 1 . (4.6) 

Note that we have by (|23]l . S , (2^'^ 1 , |Vu fe |) S , (2" 1 , |Vw fe |) < C. Conse- 
quently, we obtain 

tk = g , 9 A V^^ 1 for all fc>l. (4.7) 

5(2 J* J-jUfc) 



Estimate 0} 2-^\\n{t k )\(2^) Pk{x) 1 : 
First we have 

(25S^) p * (a)_1 < 2^. (4.8) 
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Next, using the fact that In is a continuous function in [C , oo) and satisfies 

\nt 

urn 7 = 0, 

t->oo fPo-± 

we deduce that there exists a positive constant c\ = c~i(po, C) such that 
|ln(t)| < CitP"- 1 Vt^C" 1 . 

In particular, we obtain 

\\n{t k )\ ^ crff- 1 VfceN. (4.9) 
Moreover, we have from (|4.1I) 



We deduce from (|4T51) - (|4TTU1) that 



Estimate of 2- jk t p k k[x) 1 : We first write 
From (|2TTj) , (1431) and (HTTUj) . we deduce that 

t Pk(x)- Po _ e (p(2-ik x )-p( ))l n ( tk ) ^ e L2-^|ln(t fc )| ^ gC^-^ " 1 

<e* p o-i <^ e Cl ^ = c 2 (n,p-,p + ,L,co,c 1 ,c 2 ). (4.12) 
We deduce then from (14. 10)) and (|4. 12[) that we have 

^C^ 1 < -^T VfceN. (4.13) 
Hence, we conclude from P~Hj) . (I4.11[) and (|4.13[) that (|431) holds. 

Conclusion: Now, having in mind Lemma 12. 2[ taking into account the uni- 
form bounds (|4.2I) of and the fact that p k satisfies (jl.ip and (|2.ip with 
the same constants, we deduce [5] that there exist two positive constants 5 = 
5(n,p_,p + , L, Co, c\, C2) and C — C(n,p^,p + , L, Co, ci, C2) such that for all k ^ 
fco, Wfc S C 1 ' 5 ^^/^) and ||^fc|lci,«B 3 ^ ^ follows then from Ascoli-Arzella's 
theorem that there exists a subsequence, still denoted by v k , and a function 
v e C 1 ' 5 ' ' (B3/4) such that v k — ► v in C 15 ' (B3/4), for any 5' 6 (0, (5). Moreover, 
it is clear from (I4.2I)-(I4.4I) that v satisfies 
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A v :— div(a(Vu)) =0 in B 3 u, v in -B3/4, 
sup \Vv(x)\ = 1, v{0) = 0. 

x£B 1/2 

By the strong maximum principle [5] , we should have v = in -B3/4 , which is in 
contradiction with sup |Vu(x)| = 1. □ 

xefli/2 



Proof of Theorem \A.2\ Note that it is enough to prove the estimate for \x\ < 1/2. 
Let u £ Ta and x £ B 1 / 2 \ {0}. Then there exists j £ N such that 2~ J ~ 1 
\x\ ^ 2~ J and we have 

|Vw(x)| sC sup |V«(y)| = S(2~ J ', |Vu|). (4.14) 

We know that 5(1/2, |Vw|) < C = C(n,p-,p+,L, co,cx,C2), We shall prove by 
induction that we have for = max(ci, C2™-i ) 

5(2^', |Vu|) < c4(2 -rf )5^ T Vj € N. (4.15) 

For j = 1, we have 

5(2-^ |Vu|) = 5(1/2, |Vu|) < C = C2^(2- 1 )-^ < c^ 1 )^. 

■ 1 

Let j ^ 2. Assume that S{2~ ] , |Vu|) ^ Ci(2 -J )«>- 1 . We distinguish two cases: 
- If j £ P(u) , we have by Lemma 14.11 

S(2-V +1 \\Vu\) = S{2-i-\ \Wu\) 
ci(2^')^ 
= c 1 2^T rT (2~ (i+1) )^ L r 
c' 1 (2-W+ 1 ))^. 

-If j P(tt), wehave5(2-^' +1 ), |Vtt|) = 5(2~^\ |Vtt|) < 2^5(2^, |Vu|). 
By the induction assumption, we get 

S(2-^ +1 \ |Vu|) < 2^4(2^')^ = c' 1 (2-(J+ 1 ))1^t. 

We conclude from (|4.14l) - (|4.15l) that 

|V«(x)| < S{2-\ \Vu\) < c' 1 (2^) 1 /( p °- 1 ) < <^(2|a:|)iFT - d\x\^ . 

□ 
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Proof of Theorem \A.\\ Let R and xq be as in the statement of Theorem 4.1. For 
M > 0, consider the functions a(y,£) and u(y) introduced in Lemma 13.21 
Note that 8(y, £) satisfies to all structural conditions (not necessarily with the 
same constants as for a) with p(y) := p(a;o + i?y) instead of p, and p satisfies 
Ijl.ip (with the same constants) and (|2.ip (with the constant LR). 
By Lemma 13.21 for all M ^ Mq we have u 6 .Fj . Applying Theorem 14.21 for 
71/ = Mo and R = Rq, we obtain for a positive constant Ci, depending only on 
n, p-,p+, Co, ci, C2 and Li?o ; that 

|Vu(y)| < Ct\y\^, Vy6 5i. (4.16) 
Taking y = for x € B R {x ), we get by (|4TT5|| 

|Vu(x)| < ^^-\x-x \^T^ = Cl ^}^°° \x-x \W^ = C^x-Xol^T^ = . 

□ 



5 The homogeneous case of p-Laplacian type 

We consider a vector valued function a : 57 — > W 1 , satisfying a(0) = 0, and 
the structural assumptions for all £ S M n and ?/ G f2: 

ES^i^ir 2 ^ (5.i) 

*ij=i j 

^cxl^r 2 , (5.2) 

for some positive constants cq and C\. 

We consider for a positive constant 7, the following obstacle problem for a 
homogeneous operator: 

div(a(Vw)) = 7 in {u > 0}, 
u Ss in (5.3) 
u = g on 951. 

Then Proposition (3.1) and Theorem 14.11 apply, and we have: 

Theorem 5.1. Under the assumptions ()5.1[) - (|5.2|) . i/ie solution u to the obsta- 
cle problem (|5.3|) . and zis gradient have the following growth rates near a free 
boundary point xq € (d{u > 0}) D il 

^ u(x) ^C \x - x \^ , VxeB R (x ), (5.4) 

\\7u(x)\ ^Ci\x ~ x \^ , VxeB R (x ), (5.5) 

/or aH R £ (0, 1/A) suc/i that B4 R (xq) C fl and for positive constants Co, Ci 
depending on n, p, cq, Ci, 7, and ||<?||l°°- 



E 

A — 1 
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The main result of this section is the finiteness of the (n — l)-Hausdorff 
measure of the free boundary corresponding to the solution of (|5.3|) . We follow 
the idea of the corresponding facts in [3] (section 6). 

Theorem 5.2. Under the assumptions (|5.ip - (|5.2l) , the free boundary of the 
solution of the obstacle problem (|5-3[) is locally of finite Hausdorff measure. 

Due to the local character of the result of Theorem l5.2l we will restrict ourselves 
to the unit ball and consider the solutions of the following class of problems 



«6r*(fli)n(t a (Bi) 

div(a(Vu)) = 7 in {u>0}nBi, 
0<u<M in Bi, 
0e9{ti>0}, 



where Mo is a positive number. We may also assume that there exists a positive 
constant Mi = Mi(n,p, cq, Ci, 7, Mo) such that 



\ u Wc^(E 3/i ) < M i 



Vu G J-a- 



(5.6) 



We shall start by establishing local L 2 — estimate for the second derivatives of 
u. In order to do that, we define for each r > and each function u £ J- a, the 
quantity 



E(r,u) 



1 

\Br\ JB r n{V«(i)^0} 

1 



1-^1 1 iBin{Vii(ra;)^0} 



[IVwl^lz? 2 !*!] 2 ^ 

[I Vu(rx) I ^ \D 2 u(rx) |] 2 cte. 



For each e £ (0, 1), we introduce the approximation a e of the vector function 
a defined by a e {rf) = a{rj) + ^(e 2 + \n\ 2 ) t ^rj. Then it is easy to verify that 
we have for the positive constants c = cq(1 + emin(l,p — 1)) and c\ = Ci(l + 
£max(l,p - 1)) for all £ G R n and 77 G Q: 



da c 



E^(^^ c o( e 2 + M 2 )^iei 5 

1.7=1 /J 



E 

i,3=l 



(9a c 



■fa) 



(5.7) 
(5.8) 



Then we consider, for e > 0, the unique solution of the problem 

(Pe) 



div(a e (Vu e )) = jH e (u e ) in B\, 
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where H e (v) := min(l, — ). 



First, we have: 

Lemma 5.1. There exists a positive constant Ci = C2(n,p, cq, c\, 7, Mq) such 
that we have for every u G J- a 



E(l/2,«)<C a ||Vu||g^ /4) . 
To prove Lemma 15. 11 we need the following lemma. 



(5.9) 



Lemma 5.2. Let G be a smooth monotone function with G(0) = 0, and Q a 
nonnegative smooth function with compact support in B\. Then we have for 



f Q 2 G'{u CXi ){e + \Vu € \ 2 )^\Vu eXi \ 2 dx 

J Si 

<Cj / CiG^JKe+lVueH^lVu^UVCldx. 
JBi 



(5.10) 



Proof. Let G and £ be as in the lemma. Note that u e G W,^ c (B\) [T7|. Moreover, 
from (|5.7I) . we have 



> c' (f 2 + \Vu e \ 2 ) E ^\Vu tx f. 



(5.11) 



Similarly, we get by using Cauchy-Schwarz inequality and ([5 
\Da e (Vu e ) ■ Vu eXi ■ VC| = 



V" ^±(y Uc ) u C, x 



< E(E|^(v».)|T /2 (2: 



V2, 



|VCI 



< |VCl(E|^(V-e) 



|Vu, 



*S cHVC|(e+|Vu e | 2 )**-|Vi 



(5.12) 



Let tp = G{u tXi )Q 2 . By taking ip Xi as a test function for (P £ ) and integrating by 
parts and using the monotonicity of H e and G, we get 

/ (a € (Vu e )) Xi ■ V(G(u eXi )( 2 ) dx = - / 7 ^KH :Cl G( Ue:Ci )C 2 < 0, 
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which leads to 



l{ = / C 2 G'(u ea; jDa e (Vu £ ) • Vu tXt ■ Vu CXl dx 

sC - / 2(G{u eXz )Da e {Vu e ) ■ \7u tXi ■ V(dx = 1\. (5.13) 

From (|5.1ip we have 

A > c o / C^'K^JCe+IV^H^lV^I 2 . (5.14) 

Similarly, we get from (|5.12l) 

|^| < / 2CG(u aB4 )|Da e (V« e )-Vu eiB4 .VC|tfa 
JBi 

< 2ci / CIGCuexJKe+lVti.l^^lVti^UVCIda!. (5.15) 
Jb 1 

Combining ([535]) . ([5TT4]) and ([STTBl . we get ([BTTUj) . □ 



Proof of Lemma \5.1[ We consider £ S T>(B 3 / 4 ) such that 

< C < 1 in B 3/4 
( = 1 in S 1/2 
|VC| ^4 in B m . 

We shall consider the two possible cases. 
I st Case : p < 2. 

Let G(t) = (e + t 2 f^t. Then we have: 



C(t) = (e + * 2 )^ [l + S. (p - l)(e + t 2 )^. 

Setting^ = (e+lVu,! 2 ) 1 / 2 and s e = (e+lu^J 2 ) 1 / 2 and using Young's inequality 
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and the fact that |V£| $J 4, we get from (|5.10[) and the monotonicity of t p 2 

[ e s v-Hp- 2 \vu eXi \ 2 dx 

AC" ( 

< 7 / (sr- 2 tr 2 \u^\\Vu eXz \dx 

1 f C 2 s p ~ 2 t p - 2 \Vu ex fdx 



^ 2 



^2 



1 / c 2 s ?- 2 r 2 iv^i 2 ^ 

_8Cf_ /■ ,2( P -i) . 

Using again the monotonicity of i p ~ 2 , the fact that £ = 1 in £1/2, and 
up from i — 1 to i — n, we obtain 



'b 1/ 



tr 2 \D 2 u e 



'- , 16nC( 2 
« (^7)2 



summing 
(5.16) 



'3/4 



It follows from (|5.16p (because Vw e is uniformly bounded in £3/4) that t P ~ 2 D 2 u e 
is bounded in L 2 {B 1 / 2 ). So there exists a subsequence and a function g 
L 2 (B 1 / 2 ) such that 



t p - 2 D 2 u t -± W weakly in L 2 (B 1/2 ). 



Passing to the liminf in (|5 . 1 6|) . we obtain by taking into account the fact that 
Vu e converges uniformly, up to a subsequence, to Vu in B3/4 



/ \W\ 2 dx sC liminf 

'-B1/2 £— >0 > 

16nCf 





'tr 2 \o 2 u e \ 


' i>l/2 





dx 



\Vu\ 2{p - 1] dx. 



Since Vw e converges uniformly to Vu in B3/4, we deduce that D 2 
{Vm 7^ 0}). Consequently we obtain W = \Vu\ p ~ 2 D 2 u 
and therefore we get 



« e Ll c (B 1/2 n 

a.e. in S 1/2 n {V11 ^ 0}, 



2" d Case : p > 2. 
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Let G(t) = t. Using Young's inequality and the fact that |V£| ^ 4, we get 
from ((51B 

/ ( 2 tP- 2 \Vu ex fdx ^ AC[ f &v- 2 \u eXi \\Vu tXl \dx 

1 ' >2.p-2iv7„. |2 



*s - / c^r 2 \vu eXi \ 2 dx 

+ 8Cf f t p - 2 \u tXi \ 2 dx 

< I I C 2 t p - 2 \Vu eXt \ 2 dx 

+ 8Cf / i 2(p ~ 1} dx. 



Using the the fact that £ = 1 in B 1 / 2 and summing up from i = 1 to i = n, we 
obtain 

f t p £ - 2 \D 2 u e \ 2 dx ^ 16nCf f tfP-^dx. (5.17) 
Using the monotonicity of t p ~ 2 and (|5.17[) . we get 

t p e - 2 t p e - 2 \D 2 u e \ 2 dx 

1/2 

" p - 2 f t p ' 2 \D 2 u e \ 2 dx 

< 16nCf ||*e||^ 2 (B3/4) / t^'d* 
J B3/4 

<S 16nCf|S3/4|.p £ |iri(B 3/4 )-ll^lliV3 /4 )( 5 - 18 ) 
Passing to the limit, as in the first case, we obtain from (|5.18|) 



/ 


't p - 2 \D 2 u £ \ 


2 I 

dx = 


)B 1/2 




J 1 



^ Pe|l£°°(B 3/4 ) 



E(l/2,u) < 16nCf|S3/4|.||Vn||^ 2 (B3/4) .||Vu||^ 3/4) 
< 16nCf|i?3/4|Mr 2 .||V U || 2 L ( ^ /4) . 



Hence the lemma holds for Co = 16nC } l^^l^A — -. □ 

z min(l,(p— 1) ) 

Now we prove that E(r, u) is uniformly bounded. 

Lemma 5.3. There exists a positive constant C3 — 03(71, p, Cq, Ci, 7, Mo) such 
that we have 
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Proof. Note that it is enough to prove the lemma for r G (0, 4). Indeed, for 



r G [j, i), we have by Lemma |5~T1 

E(r,u) = j±- [ [\Vur 2 \D 2 u\] 2 dx 



1 



B r .n{Vtt/o} 

[\Vu\p~ 2 \D 2 u\] 2 dx 



\Bi,a\ . 

\Bl/2 I 



|Sl/ 4 | 



£7(1/2, u) 



„ |#1/2| ,, ||2 (p-l) 

< C 3 = C 3 (n,p,CQ,ci,~f,M ). 

For r G (0, 4-), we consider the function v r (x) = — defined in B\. We 

2r 

have by definition of v r , and Theorem 15. II 

< v r < Co ^""" 1 <C 2^r^ in Si, (5.19) 
2r 

|Vw,.(x)| = |V«(2ra)| < C7i(2r)3^T < <7i2^r^ in Si, (5.20) 

D 2 v r {x) = 2r{D 2 u){2rx). (5.21) 
Using (|5~2Dl) - (|5T2Tj) . we compute 

£7(1/2, tv) = 4t / [iVtvC^l^pVC^O'da; 

I -oil iBin{Vu r (ii)^o} 2 z 

= -i- / [|Vu(ra;)| p - 2 2r|Ll 2 U (r : i;)|] 2 da; 

I -Oil JBin{V«(ra)#0} 

= 4r 2 £(r,w). (5.22) 



Moreover, we have 



div(o(V« r (a:))) = div(a(Vu(2ra;))) 

= 2rdiv(a(Vtt(-)))(2ra) 
= 2rj in {v r > 0}. 



Using (|5.5[) and Lemma I5TT1 we obtain 



^(1/2, «r) 



c 2 ||v,. r ||^ 3/4) 



s? C 2 {C 1 21^rl^) 2 ^-^ 



(5.23) 
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Taking into account (|5.22j) and (|5.23[) , we get 

E(r,u) < C 2 C 2 l ip - 1) = C 3 Kp,co, Cl ,7,Mo). 



Lemma 5.4. We have 
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4c 2 



( e + |v We | 2 )^|i?V 



a.e. in B\. 



□ 



(5.24) 



Proof. Since u e G W^ 2 (Bi), we obtain from (P e ) by using (|5.8|) and Schwarz 
inequality 



(lH t {u t )) 2 = (div(a £ (V Me ))) 2 



9% 



< (Efe(^)f)(Ei^i 2 



^vi 2 



< (E|£<H)V 

< cf(e+\Vu e \^\D 2 u e \ 2 . 

Hence (f5T24|) holds. □ 

Lemma 5.5. There exists a positive constant d — Ci(n,p, cq, c\, 7, Mo) smc/i 
that for any 5 > and r < 1/4 with B 2r (xo) C -Bi and xq G (9{u > 0} H B\j 2 , 
we /lave 

£ n (O a n B r (:co) n {u > 0}) C 4 Sr n -\ (5.25) 
w/iere 0,5 = {|V«| < S^} D B 1/2 . 

Proof. Let r G (0, 1/4), (5 > and x G d{u > 0}nB 1/2 such that B 2r (xo) C Si. 
Let G be a smooth monotone function with G(0) = 0, and ( 6 V(Bi) such that 

^ C < 1 in B 2r (x ) 
( = 1 in B r (x ) 

|VC| < - in B 2j .(a;n). 
r 
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We denote by u e the unique solution of the problem (P £ ). First, we have from 
(l5~T0l) 



C 2 G"(^)(e + \Vu e \ 2 )^\Vu ex f dx 





Bi 


2C[ 


f 


r 


JB 2 ,(x ) 


2C[ 


/ 


r 


■/B 2 ,(x ) 


2C\ 
+ — - 


/ 


r 


JB 2r (xo) 



(5.26) 



We shall discuss two cases: 
I st Case : p<2. 

For each e > and r) = 2 P ~ 1 5, we consider the function 

2 p— 2 1 1 
(e + r/p^ 1 ) _ 2 _ ^p rr T if i > rjp- 1 



G(t) = { (e + t 2 )^t 



-(e + rjp- 1 ) 2 rjp- 1 it t < —rjp- 1 



G is Lipschitz continuous with G'(t) = (e + i 2 ) 2 
and 



if |i| rj~ 

1 

(p - 2)t 2 



+ t 2 



"{|t|<'; p - 1 } 



{p-l){e + t 2 ) — X ^- ^G\t)^(e + t 2 ) — X -U. • 

Let i e = (e+ |Vw e | 2 ) 1/2 . Since £ = 1 in B r (x ), and {|Vu c | < rj^} C {K^J < 
rjp^ 1 }, we obtain from (|5.26[) and the monotonicity of (e + t 2 )^ - 

[ , i 2 ^ 2 )|Vu £:c J 2 ^ 

Js r n{|Vu £ |<r ; p-i } 



+ 



4 i^lVu^fda: 

B r n{|«ea; 4 |<?7'^ T } 

2C{ 

(p - l)r JB r n{\u tXi \< V p^} 
2C[ 

(p - 1)?' ys,.n{|« eXl |< t; i^T} 
2C[ 

(P- l)r ^B r n{|« eiEj |<»7^T} 
2C*( 



(p - l)r 



1 ic(u £;c j|tr 2 iv We:Ci i^ 

G(u £:Ci )-G( M:Ci )|ir 2 |V Ue:Ci |dx 
(Jl + J|). (5.27) 
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Since \G(u eXi ) — G{u Xi )\ — > in L 2 (B2 r (xo)), as e —> (see [1], proof of Lemma 
6.4) and t|* — 2 1 Vu ea;i | is bounded in L 2 (B2 r (xo)) independently of e (see proof of 
Lemma |5. II) . we obtain 

J\ = I \G(u £Xz )~G(u Xl )\tP- 2 \\7u €Xz \dx ->0, ase->0. (5.28) 

•/Bar (so) 

2 p — 1 

For Jj, we have since |G(t)| < (e + ryp^i) - ^- 

^ = / iGKjiir'iv^j 

JB 2 rn{v«^o} 
< (e + r?^) 2 ^ f t p - 2 \Vu £Xi \ 

JB 2r (x )n{Vu=£0} 

v JB 2r (x„)n{v^o} y 

We claim that Os C {|Vu £ | < r/p^}. Indeed since Vu c converges uniformly to 
V« in B1/2, there exists eo > such that 

Ve £ (0, e ), ||Vu £ - Vu|| iao( g i/a) < 5^/2. 
We deduce that for x e B t (xq) CiOg, 



Vee(0,e o ), |Vu e (a;)| < |Vtt E (i) - Vtt(a:)| + |Vu(i)| 

< 87=1/2 + 6*=* 

< 2(5^t = 77^1. 

We obtain from ([537)) 



B r ( XQ )no 5 ' [p-l)r 



{4 + 4). 



(5.30) 



Summing up from i = 1 to n in (|5.30|) and using (|5.24l) and (j5.29|) . we get 
1 



n(-il , " 

4c2 , (^wf^r^ E^i 



+n(e + ? ? ^T) £ T i )|B 2r ( a ; )| 1 / 2 ( 



B 2 r(zo)n{Vti#0} 



[tf- 2 |I? 2 



dx 



n 

(5.31) 
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Letting e —> in (|5.31l) and using (|5.28[) and Lemma [531 we obtain 



L 



dx 



B r (x )nO s n{u>o} 

< 2( 1 A V\B2r(x )\ 1/2 



\Vu\ p - 2 \D 2 u\ 



2 N 1/2 

dx 



< ^|B 2r (xo)| 1/2 (C(n,p,c , Cl ,7,Mo)| J B 2r (xo)|) 1/2 , 
which can be written 

rfOjnB.fxo) n > 0}) < f7(n,p,co,ci,7,Mo)«r n - 1 . 

2" d Case : p > 2. 

For each e > and 77 = 2 P_1 5, we consider the function 



_2_, P^2 _J_ 

(e + TIP- 1 ) 2 jyp-i 

G(t) = { ( e + v l^) P -^t 

, , -Lv5z5 -J— • /> . -L- 

— {e + rjp- 1 ) 2 jjp-i it t < —rjp- 1 . 



if t > rjp- 1 
if |t| ^ ?7~ 



G is Lipschitz continuous and we have 

0^G^) = ( e + r ? ^)^ X{|t|< ^ } . 
Using the fact that £ = 1 in B r , and since \G(t)\ ^ (e + ryp^ 1 )^, we obtain 



from (|5~26l) 



s r n{|u £Xi |<jjp-i } 
2C" f 

«; — i / |G( We;Ei )|tr 2 |Vu e;c J^. 

r JB 2r {x ) 



Since {|Vu e | < 77 p- 1 } c {|w ea;i | < 77 p- 1 }, by using the monotonicity of i p 2 , we 
obtain 



1 [tp- 2 \vu £Xi \y dx 

B r n{|Vu e |<77P- 1 } 





X 




^} 






r Js r n{|« ex 


\<r) 






r 7B r n{|« ea;j 




= ^(4 + 4)- 

r 





, IGtuxJI^lVuesJda: 



(5.32) 



27 



Since 



2 p — 2 

\G(u eXi ) -G(u Xi )\ < (e + r)p- 1 )—\u <iXl - u Xi \, Vx G B 2r (x ), 



we deduce that \G(u eXi ) — G(u Xi )\ — > in L 2 (i3 2 r(^o)), as e — > 0. 

As in the first case, tP~ 2 Vu eXi is bounded in L 2 (B2 r (xo)) independently of e. 

Therefore 

4= f \G(u eXi )-G(u Xi )\t p - 2 \Vu €Xi \dx^0, as e ^ 0. (5.33) 

JB 2r (x ) 

2 p — 1 

For J2, we have since |G*(£)| ^ (e + r/p 31 ) - ^ - 



^1= / iG^jitr'iv^i 

"'-B2r(a:o)n{Vti#0} 

^ (e + v^)^ I n~ 2 \Vu tXl \ 



2 D-i , / / r 1 2\ 1/2 

(e + V—)^\B2r(x Q )\ 1/2 ( tP~ 2 \D 2 u\ ) (5.34) 

v JB !r ( IO )n{V^0} L J ' 



As in the first case, we have 0$ C B 1 / 2 H {|Vit e | < rp- 1 }. Since we have also 
{|Vu e | < 77^"} C {|u ca;i | < r/p^ 1 }, we obtain from (|5.32l) 

/ [ir 2 |Vuex 4 |] 2 ^< — (J{ + 4)- (5.35) 

iB,.(i )nO f n{»>0( r 

Using (|5.24p . (|5.34[) and f)5.35[) . we get by summing up from i = 1 to i = n 

{lH ^?dx^{±Ji 

4c i JB r (x )no 6 r 1 i=1 

+ ^l (e + ^)^| jB2r(xo) |i/2.( f [tr 2 \D 2 u e \] 2 dx) 1/2 }dx. 

r K JB 2r (x a )n{Vu^0} ' ' 

(5.36) 

Letting e —> in (|5.36l) and using (|5.33[) together with Lemma 1531 we obtain 



/ da; 

./.B r (xo)nOsn{u>0} 

< ^4^v\B2r(x )\ 1/2 ( f [\Vur 2 \D 2 u\] 2 dx) 1/2 

< -|B 2r (xo)| 1/2 C3(n,p,co, Cl ,7,Mo)|B 2r (xo)|) 1/2 , 



IZ 

r 

which can be written 

C n (O s r\B r {x ) n {u > 0}) < C 4 = Gi(n,p,c d ,ci,7,Mo)«r n - :l . 

□ 
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Proof of Theorem \h.2\ Using Lemma [5751 the proof follows step by step the one 
of Theorem 1.5 of g]. □ 



6 Hausdorff measure of the free boundary 

In this section, we prove that the free boundary has finite (n — 1)— Hausdorff 
measure. The proof is done by contradiction, using the fact that the result is 
true when p{x) is constant, which has been established in pQ for the Laplacian 
and in [TT] for the p-Laplacian, and more generally in [4 , for the A-obstacle 
problem. The homogeneous case of p-Laplacian type has been investigated in 
the previous section. 



We consider, for M > 0, the family Q p j.m of problems defined on the unit 
ball E>i defined by u G Gaj,m if it satisfies : 

| u G W 1,p ^ (-Bi), O^u^M in S l5 
\ Au = fx{u>o} in Bi. 

We know [5] that u G C^(Bi) for some a G (0, 1). We shall denote by Q\ j M 
the subclass of G p j,m of those functions satisfying w(0) = 0. 

Theorem 6.1. Let u G Q p j.m and assume that f G C°(i?i). Then there exists 
a positive constant C depending only on n 1 p^,p + , L, Cq,Ci,C2, M, A, A such that 
for each xq G d{u > 0} n -B1/2 and r G (0, 1/4), we have 

H n ~ l {d{u > 0} n B r (x )) s; cv"- 1 . 

Proof. The proof is given in several steps. 

Stepl. We observe that it is enough to prove the following: there exists a con- 
stant C — C(n,p_,p + , L, Co, ci, C2, M, A, A) such that 

V" e G°aj,m, Vr G (0, 1/4), H n - l {d{u > 0} n S r ) ^ Cr™" 1 . (6.1) 

Indeed, assume that (|6.1I) holds and let xo G (d{u > 0} n B 1 / 2 ) and r G 
(0, 1/4). We consider the functions of the variable y defined in B\ by 

u(y) = 2u(x + iy), a(y, = a(x + ^y, 0. f(v) = \ f( x o + \v)- 
Then we have u(0) = 0, < u < 2M in Bi, and 

(Au)(y) = div(a(y, V-u)) = div(a(a; + ^y, Vu(x + iy))) 

= ^ div ( a ('> Vu(-))(x + iy)) = i/(x + ~y)X{»>o}Oo + ^y) 

= f(y)x{u>o}(y)- 
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So u E j 2M , and then we deduce that 

H n ~ 1 (d{u > 0} n B r ) < Cr"- 1 , Vr £ (0, 1/4). 
Now, let r £ (0, 1/4) and observe that 

<9{u > 0}fl5 r (i ) = + ^{d{u > 0} n S 2r ). 

Then we have 

« n_1 (0{u > 0} n B r (x )) = u n - x (^d{u > 0} n s 2r ) 

= (^) n_1 ^ n_1 (^{" > °i n B ^r) < {\) n ' 1 C{2r) n - 1 = Cr n ~\ 

Step 2. To prove (|6.1[) . it suffices to establish that there exists a constant C = 
C(n,p_,p+, L, co, c\, C2, Af, A, A) such that 

VuE£a,/,m VA:eN\{1}, r- 1 (a{u>0}nB 2 - t )^C(2- fc r 1 . (6.2) 

Indeed, if r £ (0, 1/4), there exists k £ N \ {1} such that 2" fe " 1 ^ r sC 2 _fc . 
Then B r C B 2 -k and 

> 0} n B r ) < W n-1 (9{u > 0} n B a -*) 

— fc\n — 1 ^ r'/o^^ - 1 oti— l/-^„n— 1 



T 



Step?, . Proof of (IPjl . 

We argue by contradiction and assume that there exist a sequence (jk)k of 
natural numbers and a sequence (uk)k in £7^ f m such that 

v*eN,ft<i w , r- 1 (9K>o}n5 r , t )>M2^)'" 1 . (6.3) 

We introduce as in the proof of Lemma 14. 1[ defined in B\ by 

Mfe(2- Jfc x) 



v k {x) 



s{2-^-\ Uk y 



We have, by Proposition 3.1 and Lemma 3.1, for all k ^ feo, for some fco large 
enough 

u k (2- Jk x) sC S(2- Jk lUk ) ^ Ci(2^ fc )~ in B x , 
S{2- j "- 1 ,u k ) > C(0)(2^ fc ^ 1 )^. 
Consequently we have for k fco 

S(2~J*, Mfc ) 2*d 

^ w ^5(2Tv^^ c(oy mfll » (6 ' 4) 
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sup v k (x) = l, w fc (0)=0. (6.5) 

x£B 1/2 

Now let p k (x) = p(2-i k x) and a fe (x,£) := 8 p k ^ x) ~ 1 a(2-^x, if), where s fe = 
q / -l-i v ^ e M "- Then we have 

(A fc Ufe)(a;) = div(o fc (a;, Vv fe (x))) 

= 2-^< fcW - 1 /(2-^x) X{tlfc >o} 

+ 2- J '*(ln(» fc ))^* (x)_1 a(2-- 3 ''=a;,Vn(2- J ' fc a;))Vp(2- 3 ' fc a;). (6.6) 

We claim that there exists k\ £ N greater than fco, and a positive constant C 
independent of k such that we have, for k~^k\, 

\A k v k \ <C(l+j fc 2-A). (6-7) 
Indeed, first note that we have by Proposition 3.1 and Lemma 3.1, for some 
k\ > ko, and two positive constants C\, C2, with C\ > 1 

C 2 - 1 (2^)^r ^ Sfe = — j-^ < Cr 1 (2-"=)^r vfc > fci, (6.8) 

6(2 J* \iifcj 

We deduce from the left hand side of (I6.8[) that 

Sfc ~ U(2^-i,^)J 

2^ fc Cf +_1 (2 Jfc ) £ ^ i 

= cr- 1 (2^) £4 ^ a 

= C| e "o^ 1 ^ ' 

gp+-l e ^=T2-^|ln(2^)| 

< C(p_,p+,£). (6.9) 

To estimate the second term in the righthand side of ()6.6j) . we have by (2.1), 
the structural assumptions (second inequality in Remark 1 1.1 II . and Theorem 4.1 

\a(2- jk x, Vu{2- lk x))Vp{2- lk x)\ < c 4 |Vu fc (2^ fc x)\ Pk(x) - 1 \Vp(2^ k x)\ 

Pk w- 1 

dLC^ ") ™-i . (6.10) 

Moreover, we obtain from (|6.8|) 

|ln(flfc)|<C 3 jjt VA>*i. (6.11) 
We deduce from (6.9)-(6.11) for k ^ fci 

2 _ »|ln(flfc)|a£* (:c) " 1 |a(2^ fc a;, Vw(2^ fc x))Vp(2^ fc x)| 
< C4iC*iC* 3 C*f +_1 2^ fc j fc (2^ fc )^ r ^(2 Jfc )^ r ^ 
= C 4 jk2- Sh . (6.12) 
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Hence, we conclude from dHJ, flU}, ([6TT21 and that flfTTI) holds. 

We claim that there exist a subsequence still denoted by (jk)k and a positive 
constant s* such that 

lim 2- jk s p k k (a ° -1 = s* Vi £ Bi. (6.13) 
Indeed, we first observe that 

From (6.8), we have 

which leads, up to a subsequence, still denoted by (jfc)fc and a positive constant 
s* to 

lim 2- ife s? 0_1 = s*. (6.15) 
Moreover, we have s P fc (^ Po = e (p(2-^a ! )-p(0))ln( Sfc ) and by ( 2 .1) and (6.11) 

M2-*>x) -p(0))ln(a fc )| s$ L2-^|ln(« fc )| LCtf^" Vx G Si. (6.16) 

We deduce from (|6~Ti| - (|6TTB|) that (|5TT5|) holds. 

Taking into account the uniform bound (|6.4[) of (|6.7p and the fact that 
Pk satisfies (jl.lj) and (|2.ip with the same constants, we deduce [5] that there 
exist two positive constants 8 and C independent of k such that for all k ^ k\ , 
Vk G C 1 ' 5 (B9/10) and ||ufe||cM(B 9 10 ) ^ ^ follows then from Ascoli-Arzella's 
theorem that there exists a subsequence, still denoted by Vk and a function 
v G C^^'^g/xo) such that u fc -> u in C 1 ' 5 ' (B9/10), W G (0,(5). Moreover, since 
^5 X{v k >o} ^ 1 and / is continuous at 0, we have 

X{v k >o} -> 1 a.e. in {t> > 0} n B g/W (6.17) 
/(2-» a ) -> /(0). (6.18) 

Using flm-(E2]), (6-13), and (6.17)-(6.18), we see that v satisfies for 7 = 
s*/(0) G [s*A,s*A] 

fA w := div(a(Vu)) = 7 in -B9/10 n ( u > 0}> w > in #9/iCh 
sup w(.x) = 1, u(0) = 0, 
xEB 1/2 

with a satisfying the conditions (|5.1[) - (|5.2[) with p = p = p(0). 

We conclude (see Theorem l5.2p that d{v > 0} has locally finite (n — l)-Hausdorff 

measure, and for each r G (0, 9/40) we have 

% n ~ l (d{v > 0}nB r ) ^ Cr 71 - 1 
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where C is a positive constant depending only on n,po,L, Co,c\,C2 and s*/(0). 
In particular we have 

H^idiv > 0} n B 1/5 ) ^ CT- 1 . (6.19) 
Now we claim that Ve 6 (0, 1/10) there exists fco such that for all fc ^ ko, 

d{v k > 0} n b 1/w c N t {d{v > 0} n B 1/5 ), (6.20) 

where i\T e (.E) ={ieBi/ 5 : d(x,E) < e} for E C B 1/5 . 

We argue by contradiction and assume that there exists eo £ (0, 1/10) such that 

VjeN, 3%>j : 9{ Ufe . >0}n% <£N to (d{v>0}nB 1/5 ). 
Therefore, there exists a subsequence which we denote also by v k such that 

Vfc ^ i d{v k > 0} n b 1/10 t N eo (d{v > 0} n b 1/5 ). 

It follows that 

Vfc ^ 1, 3x fe e d{v k > 0} n Bi/io such that x k £ N €o (d{v > 0} n B 1/5 ), 
that is, d(x k , d{v > 0} n -B1/5) ^ eo- 

Up to a subsequence, we have — > x* € -B1/10, and we deduce by continuity 
that d{x*,d{v > 0}nB 1/5 ) ^ e . This means that B eQ n (<9{u > 0}nB 1/5 ) = 
0. In fact, f? Co (x*) PI <9{v > 0} = 0, since a;* € -B1/10 and eo < 1/10 implies 
-B eo (x*) C Bi /5 . 

Now we can write B eo (x*) = (B eo (x*) D {v > 0}) U (B eo (x*) f) Int({u = 0})), 
where Int(E) denotes the interior of the set E. Since -B eo (x») is connected, we 
deduce that either B eo (x„) — B eo (x„)ri{v > 0} or B £0 (x«) = B eo (x») flint ({u = 
0}). But since v(x*) = lim v k (x k ) = 0, the second alternative holds and then 

k— ¥00 

we have v = in £? €o (x*). 

Finally, we have by the uniform convergence of v k to v in B ta (x* ) 

sup v k = sup \v k — v\ — ► as fc — > 00. (6-21) 

On the other hand, for <5 G (0, eo), there exists fco such that \x k — x*| < So/2, 
x k £ S 5o (x*) n (9{w/c > 0}), and B So/2 (x k ) C B &0 ( x *)- Then, by applying 
Lemma l3.lt we have 

_sup w fc ^_sup Vk ^^\~^j +v k {x k )=C[-j 

B Sq (x,) B So/2 (x k ) 

Letting fc — s> 00, we get a contradiction with (|6.2ip . Hence (6.20) holds. 
Conclusion: Note that since 

d{u k > 0} n s 2 - Jfc = (io)(2-'*)(0{« fc > 0} n b 1/10 ), 
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we have by (|6.3p 

((10)(2^))"- 1 H"- 1 (9K >0}nB 1/10 ) = 'H n ~ x {d{uk > 0} n B 2 -j k ) 

> k(2- : > k ) n - 1 

which leads to 

H n -\d{v k > 0} n B 1/w ) > W^k. (6.22) 
We deduce from (pT2T)|) and ^jg) that, Ve G (0, 1/10), 3k such that Vfc ^ A: 

H n_1 (iV e (9{« > 0} n B 1/5 )) ^ > 0} n B 1/10 ) > io 1 -"*. 

In particular, we have Vj 5^ 4, 3fcj /c 0l %+i > &j such that 

n n - x {N 2 -i (d{v > 0} n B 1/B )) > io 1 -"^. 

Then 

oo = lim n n ~ 1 (N 2 - j (d{v> 0}nfli /5 )) 

= W-^fl w 2 -, > 0} n s 1/5 )) = H n -\d{v > 0} n s 1/s ). 

This contradicts {5TTg| . □ 

Theorem 6.2. Let u oe i/ie solution of (P). -For eac/i i? > and xo G ri wzi/i 
B 2 r(xo) C ri, i/iere exists a positive constant C depending only on n, p^,p + , cq, 
c\, C2, LR, RX and RA such that we have for eachyo G (d{u > 0}) CiBr(xo) 
andr 6 (0, R/4) 

n n -\d{u > 0} n B r (y )) < Cr n -\ 



Proof. Let R > and xo £ f2 such that B 2 r(xq) C f2. Let £ (<9{it > 
0}) ("1 B R (x Q ) and r G (0, i?/4). We remark that B R (y ) C B 2R (x ) C f2, and we 
introduce the functions defined in £?! by 

~, c n / , d ^ ' — / \ u(y + Rz) 
a{z,Q=a(y +Rz,€), u{z) = . 

Then, we have 

{Au){y) = div(S(y, Vu(y))) = Rfx{u>a}, sC u s? — . 

It follows that u G G°7 „, Applying Theorem 16.11 we obtain the existence 

of a positive constant C, depending only on n, p- 7 p+,LR 7 Co, ci, C2, i?A and 
JiA, such that for p = r/R G (0, 1/4) 

K n " 1 (a{5>0}nB^ V 1 . (6.23) 

Using the fact that 

yo + R(d{u > 0} n B p ) = d{u > 0} n B pR (y Q ), 
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we deduce from (|6.23[) that 



H n - 1 (d{u>0}nB r (y o )) = n n - 1 (d{u>0}f)B pR (y o )) 

= H n - 1 (R{d{u>0}nB p )) 
= R n - 1 H n - 1 (d{u>0}r\B p ) 
sc CFC*- x p n - x = Cr n - 1 . 

□ 
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